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Abstract 

In this paper, we compute the Poisson (co)homology of a polynomial Poisson structure 
given by two Casimir polynomial functions which define a complete intersection with an iso- 
*JL^ ■ lated singularity. 
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Introduction 

> . 

The canonical or Poisson homology was introduced independently by Brylinsky ( [4]) (as an impor- 
tant tool in computations of Hochschild and cyclic homology) , and by Koszul and Gelfand-Dorfman 
(inspired by their algebraic approach to the study of bi-hamiltonian structures) . 
This homology is defined as the homology of a differential complex degree -1 {f2*(M), c^} on 
a Poisson manifold (M, -zr), where n is a Poisson structure given either by a 2-tensor field ir £ 
H°(M,A 2 TM) or, by the corresponding Poisson bracket on algebra of functions (smooth, alge- 
braic,...) of M : {f,g} —< df A dg, n > . The (—1)— differential is given on the decomposable 
differential forms as 



X ' d k (f dh A ... A df k ) = (-l) 1+1 {io, fi}dfi A ... A dfa A ... A df h 

a" 



Ki<k 



+ ' 1 *' '/.'/{/-•/;} • <//l • - • df, ■ ...,//' ' ... • df, 

l<i<j<k 

and acts from Q k (M) to fi fe - 1 ( M )- 

There is a dual notion of Poisson cohomology introduced by Lichnerowicz ( [15]). But this duality 
is quite subtle : if the Poisson homology is non-degenerate (symplectic) then the Poisson homology 
and Poisson cohomology admit a Poincare-duality ismorphism ( [4]) which is extended to a class 
of so-called unimodular Poisson manifolds (those whose Weinstein modular cohomology class is 
trivial ( [32]) ). 

In general, the Poisson homology has very bad functorial properties (this was observed in many 
papers ( [llj) ) which make its computation a challenging and difficult problem. The Poisson 
(co)homology depends heavily on the properties of the initial Poisson structure and, basically, on 
the structure of its degeneration locus. "Simple" Poisson structures (like symplectic ones or the 
slightly more difficult case of regular structures which have a constant rank symplectic foliation) 
have well-studied Poisson (co) homology. 

An interesting and difficult problem is to compute the corresponding (co)homology groups in the 
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case of "quadratic" Poisson structures. 

The interest in these structures is two-fold : they have naturally appeared in Drinfel's approach 
to a quasi-classical limit of "quantum groups" under the name of Hamilton-Lie groups ( [5]), later 
renamed Poisson Lie groups. On the other hand, they appeared in the heart of the Integrable 
system theory under the name of Sklyanin algebras ( [23], [24]). It should be noted that almost 
at the same time, a simpler case of a Sklyanin algebra structure was studied in a purely algebraic 
context by M. Artin and J. Tate. In our paper we will concentrate on the Poisson (co)homology of 
Sklyanin algebras with 4 generators (which is the original case introduced by Sklyanin [23]). 
Generally speaking, Sklyanin algebras belong to a class of "Poisson Structures with regular sym- 
plectic leaves". This class was introduced and studied in [20] as the next interesting generalization 
of "regular" Poisson structures. We mean a class of algebras which are a quasi-classical limit of 
associative algebras with quadratic relations which are flat deformations of polynomial functions in 
C". It was proven in [20J that these Poisson algebras have polynomial Casimirs (functions which 
commute with any function on the manifold) and the "dimension" of this algebra is equal to the 
sum of the degrees of the Casimir generators. 
Let us describe our basic Poisson algebra in detail. 
Let 

Qi = + x 3) + kx z X/ t, 

<?2 = \( x \ + x 1) + kX!X 3 , 

where k S C. 

We will introduce a Poisson structure 7r on C 4 or, more generally, on C[xi, x-2, %3, xa] (in CP 3 , in 
the formal series ring C[[xi, x<z, x 3 , X4]],...) by the formula : 

df A dg A dq\ A dq 2 



dxi A dx2 A dx 3 A dx^ 
Then the brackets between the coordinate functions are defined by (mod 4) : 

{xi,x l+ i} = k 2 x t x i+ i - x l+2 x i+3 ] 

{xi,Xi +2 } = k(xf +3 — x 2 +1 ), 

i = 1,2,3,4. 

This algebra will be denoted by <?4(£), where £ represents an elliptic curve, which parameterizes 
the algebra (via k) . We can also think of this curve £ as a geometric interpretation of the couple 
qi = 0, q 2 = embedded in CP 3 (as was observed in Sklyanin's initial paper). We will follow 
Sklyanin's version of this embedding, considering the quadrics Q\, Q 2 in C 4 and the complete 
intersection of these quadrics : 

Qx = \{x{ + x\ + x\) (1) 
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Q2 = 2^4 + Jixt + J 2 x 2 2 + J 3 xi) (2) 



The algebra qi{£) is given by the formulas : 



{xi,Xi} = (-iydet(^), k = l,2; 

oxi 



{ Xll x 3 } = (-iy+idet{^), fc = l,2. 



, ggfc , 
dxi 

More generally, considering n — 2 polynomials Qi in K n with coordinates Xi, i — 1, ...,n, where 
if is a field of characteristic zero, we can define, for any polynomial A € K[xi, a bilinear 
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differential operation : 



{•, •} : K[xi, ...,x n ] ® K[xi, ...,x n ] 



K[xi, ...,x n ] 



by the formula 



{/,<?} = A 



df Adg A dQ\ A ... A dQ n - 2 
dxi A dx2 A ... A da: n 



f,g G ...,x„] 



(3) 



This operation gives aPoisson algebra structure on K[xi, x n ]. The polynomials Qi, i = l, n— 2 
are Casimir functions for the brackets ([3]) and any Poisson structure on K n , with n — 2 generic 
Casimirs Qi, is written in this form. Every Poisson structure of this form is called a Jacobian 
Poisson structure (JPS) ( [H], [12]). 

The case n = 4 in Q corresponds to the classical generalized Sklyanin quadratic Poisson algebra. 
In [21], Anne Pichereau gives the Poisson (co)homology of a Poisson structure given on K n by 
the formula ([3]) when n — 3 and where the Casimir Qi is a weight homogeneous polynomial with 
an isolated singularity in zero. 

The goal of this paper is to find the (co) homology of a Poisson structure given on K n by the for- 
mula ([3]) when n = 4 and where the Casimirs Qi an d Q2 are weight homogeneous with an isolated 
singularity in zero. We use a method similar to that of Pichereau in [21], Van den Bergh in |28j, 
or Marconnet in |17| . 

The results of the paper will be used in our subsequent research of cohomological properties of 
"quantum" counterparts of the algebra q^S) known also as Feigin-Odesskii-Sklyanin Elliptic alge- 
bras Qi(£). We will apply the Brylinsky spectral sequence arguments to compute their Hochshild 
homology ( [27)). 

The paper is organized as follows. We start by introducing some basic notions of Poisson (^homolo- 
gy, the De Rham complex and we introduce some applications and operators that we use to have 
a simple description of Kahler differentials and of Poisson homology complexes. The next part 
is devoted to homological tools we are going to use to compute the Poisson homology. The last 
part of the paper is devoted to the computation of the Poisson (co)homology of polynomial Pois- 
son structures when the space of Casimir functions is generated by two polynomials which form 
complete intersection with an isolated singularity. We apply our method to compute the Poisson 
(co)-homology of the Sklyanin algebra. 

Acknowledgements. The author is grateful to Jean-Claude Thomas, Yves Felix and Michel 
Granger for useful comments and discussions. This work is a first part of my thesis prepared 
at the University of Angers. I would like to take this opportunity to thank my advisors, Vladimir 
Roubtsov and Bitjong Ndombol, for suggesting to me this interesting problem and for their avail- 
ability during this projet. This work was partially supported by the Programme SARIMA. 

1 Poisson (co)homology complex 

Consider (A, n — { }) a Poisson algebra. This means an antisymmetric biderivation {•,•}: Ax A — > 
A such that (A, {•,•}) is a Lie algebra. 

1.1 The de Rham complex and Poisson homology complex 

We recall that the A- module of Kahler differentials of A is denoted by SI 1 (A) and the graded 
,4-module fl p (A) := f\ p SI 1 (A) is the module of all Kahler p-differential. As a vector space, respec- 
tively, as an ^4-module, £l p (A) is generated by elements of the form FdFi A ... A dF p , respectively 
of the form, dF 1 A ... A dF p , where F,Fi G A, i = 1, ...,p. We denote by SI' (A) = ® p£ nfl p (A), with 
the convention that Sl°(A) = A, the space of all Kahler differentials. 
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The differential d : A — ► ft 1 (A) extends to a graded if- linear map 

d:ST(A) -^n' +1 (A) 

by setting : 

d(GdF x A ... A dF p ) := dG A dF t A ... A dF p 

for G, Fi, F p G .4, where p £ N. It is called the de Rham differential. It is a graded derivation, 
of degree 1, of (£l'(A), A), such that d 2 = 0. The resulting complex is called the de Rham complex 
and its cohomology is the de Rham cohomology of A. 

The Poisson boundary operator, also called the Brylinsky or Koszul differential and denoted by 
d : n'(A) — ► Q— 1 (A), is given by : 

d k {F dF 1 A...AdF k ) = (~l) i+1 {-fo, Fi)dF\ A ... A dF\ A ... A dF k 

l<i<k 

+ (-^T +3 F d{F i ,F J }AdF 1 A...AmA...dF j A...AdF k 

l<i<j<k 

where F , ...,F k e A. 

One can check, by a direct computation, that d k is well-defined and that it is a boundary operator, 
d k o d k+ i = 0. 

The homology of this complex is called the Poisson homology associated to (A, n) and is denoted 
by H.(A,n). 

1.2 The Poisson cohomology complex 

Definition 1.1. A skew- symmetric k-linear map P € Homx {A A, A) is called a skew- symmetric 
k-derivation of A with values in A if it is a derivation in each of its arguments. 

The *4-module of skew-symmetric fc-derivation is denoted by X k (A). We define the graded 
„4-module 

X - {A) := 0**0*) 

ken 

whose elements are called skew-symmetric multi-derivations. By convention, the first term in this 
sum, X°, is A, and X k {A) := {0} for k < 0. 

The Poisson coboundary operator associated with (A,n) and denoted by S : X*{A) — ► X' +1 {A), 
is given by : 

5 k (Q)(F ,F 1 ,...,F k )= ^ (-iy{F l ,Q{F 0l F ll ...,F u ...,F k )} 

l<i<k 

+ E {-lY +i Q{{Fi,Fj},Fo,---,Fi,---,Fj,---,F k ) 

l<i<j<k 

where F , ...,F k E A, and Q G X k {A). 

One can check, by a direct computation, that 8 k is well-defined and that it is a coboundary ope- 
rator, S k+1 o S k = 0. 

The cohomology of this complex is called the Poisson cohomology associated with (.4, ir) and 
denoted by H'(A,ir). 
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1.3 Unimodular Poisson structure 



In this part, we consider the affine space of dimension n K n and its algebra of regular functions 
A = K[xi, ...,x n }. 

We denote by S Ptq the set of all (p, q) — shuffles, that is permutations a of the set {1, ...,p + q} such 
that cr(l) < ... < a(p) and a(p + 1) < ... < a(p + q),p, q E N. 
The family of maps * : X k (A) — ► n n - k (A), defined by : 

*Q= ^ e ( a )Q( x a(l), ■■;Xa(k))dx a ( k+1) A ... A dx„(n) 

are isomorphisms. 

Assume a Poisson structure on A is given. It is natural to ask wether we have the same duality 
between the Poisson cohomology and the Poisson homology. Generally, the answer to this question 
is negative. Besides, it is easy to see that the answer depends on the Poisson structure we have. 
For example such a duality does exist for the wide and important class of unimodular Poisson 
structure ( [32]) which Jacobian Poisson structures belong ( |12j). 

If we denote by D, the map : D % := o d o * : X°(A) — ► X'~ 1 (A), where d is the de Rham 

differential, we say that a Poisson bracket tt on A is unimodular if D 2 (tt) = 0. 

Our purpose is to find the homology and the cohomology of the Jacobian structures on 

K[xi, x 2l x 3 , X4]. These structures being unimodular, our objective in the sequel will be to determine 

the Poisson homology of such Poisson structures. 

1.4 Vector notations 

Now, we are going to present some vector notations which we shall use afterwards. Let us consider 
the following applications and differential operators : 



A 4 x A 4 



( 








\ 


\ 


X = 












V 


{ x, J 






J 


J 



X = 



We denote by 



X x Y = 



A 4 x A 6 



( Yi \ 



Y = 



V X 4 J 



XxY = 



J 



V ^ J 

the scalar product in A 4 or in A 6 



A 6 






( X 1 Y i 






X{Y 2 


-X 2 Y 1 




X3Y2 


— X2Y3 




X 3 Y t 


~X t Y 3 




X 3 Y 1 


-X t Y 3 




V X2Y4, 


— X4Y2 


) 


A 4 







I -X 4 Y 3 + X 2 Y t - X 3 Y 6 \ 
X3Y1 — X1Y4 + X4Y5 
-X 2 Y 1 +X i Y 2 +X 1 Y 6 
\ —X 3 Y 2 + X{Y 3 — X2Y5 ) 
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/ : A e — ► A e is an .4-linear morphism given by the matrix 



/ 








-1 








\ 













1 










-i 






















1 































1 


V 














1 


o / 



V : A 



A 4 



V — J 

\ Xa / 



Vx : 



Y 



A 4 

\Y 4 ) 



Vx : 



G = 



A 6 
( G 1 \ 



\ G 6 J 



VxG 



dG 3 _ 


i_ dG 4 


_ dGe 


\ 


dx& 
dGi _ 


r dx 2 

dGi _ 


dx3 
|_ dG 5 




3Gi _ 


dxi 
j_ dG 2 


dxi 
, dG 6 




dx 2 
dGi _ 


dxi 
, 0G 3 


+ dx t 
_ 9Gs 




dx 3 


f OX! 


dx 2 



Div(-) : 



A 4 

( K X \ 



A 



K = 



>dK t 
dxi 



^ Div(10 = £- 

By direct computation, we obtain the following properties : 
Proposition 1.1. The previous operators satisfy the following propertit 

1. f 2 =Id A e; 

2. f{x)-y = x-f(y), x,y £ A 6 ; 
3- f(x)- f(y) = x-y, x,y€ A 6 ; 

4. x-(yxz) = y-(zxf(x)), x G A 6 , y,z G A 4 ; 

5. x ■ (yxz) = -y ■ (xxz), x,y G A 4 , z G A e ; 

6. x- (xxz) = 0, x G A 4 , zeA 6 ; 

7. xx (x x y) = 0, x , y G A 4 

8. (xxz) - f(x x y) = 0, x,y,ze A 4 ; 

9. xx(y x z) = yx(z x x), x,y,z G A 4 ; 
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10. (xxf(yxz))x(yxz) = 0, x,y,zeA 4 ; 

11. zxf(xxy) = -(z-x)y + (z-y)x, x,y,zeA 4 ; 

12. {zxf{xxy))xt=-{z-x)yxt+{z-y)xxt, x,y,z,te A 4 ; 

13. (xxf(yxz))xz = (x-z)yxz, x,y,zeA 4 ; 

14. (xxz)xf(xxy) = -(z-f(xxy))x, x,y, z e A 4 , z e A 6 ; 

15. Vx(ix y) = yx(V x x) — £x(V x y), x,yeA 4 ; 

16. VxK = F V xx + VF x x , F e A, x e A 4 : 

17. VxFy = FWxy+VFxy, FeA,yeA 6 : 

18. Div(Fx) = VF -x + FDiv(x), F G A, x G A 4 ] 

19. Div(xxy) = y-f{V x x) - x ■ (Vxy), x G A 4 , y G .4 6 . 

Proof. Let us give a proof for formula (19) for example. 
Consider x= (Xi, X 2 , X 3 , X^f G A 4 and y = (Y±, ...,Yof G ^4 6 . 
We have : 

Div(xxy) - 9§-(-^4>3 + ^2^4 - X 3 Y 6 ) + gf-(X 3 Fi - XiK, + X 4 F 5 ) 

+^L(-x 2 y 1 + x 4 y 2 + x 1 y 6 ) + l(-i 3 y 2 + W 3 - x 2 y 5 ) 

— V I 9X3 — 9X2 \ -A- V I ® Xi — 9X3 \ -4- V ( 9Xl — 9Xi \ 
~ 1 v dxn dx ? I ^ 2 V dx, dxA ' Ti 3l 9x dx ) 

+ Y ±(it #) + ^(ff - » + y 6 (§| - ff ) 

°Vi9:ei 9a;2 axu' *V9xi 82:2 0x3-' 

= y • /(V xx)-x - (Vxy) 

□ 

According to the definition of Kahler differentials, we have the following isomorphisms of A- 
modules 

Fida;i + F 2 dx 2 + F 3 dx 3 + F 4 dx 4 i — > (Fi, F 4 ) 

ft 2 (-4) ^ 6 
Fidxi A dx 4 + F 2 dxi A dx 2 + F 3 dx 3 A dx 2 i — ► (Fl, F 2 , F 6 ) 
+F 4 d:E3 A dx 4 + F 5 dx 3 A dx\ + F 6 dx 2 A dx 4 

n 3 (A) ^ A 4 

K\dx 2 A dx 3 A dx4 + K 2 dx 3 A dx\ A dx 4 i — > (K\, K4) 
+K 3 dxi A dx 2 A dx 4 + K 4 dx 2 A dx\ A dx 3 

n 4 (A) A 

U dx\ A dx 2 A dx 3 A dx 4 1 — > U 
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According to the previous isomorphisms, we can write the de Rham complex in terms of elements 
of A, A i and .4 6 : 

K A -±> A A A 6 A 4 A 

F i — > VF 

F i — > V x F (4) 
G i — ► VxG 

X i — i. Div(i?) 

Proposition 1.2. (Poincare's lemma) The de Rham complex Q of the polynomial algebra A = 
K[x%, .., Xi] is an exact one. 

Proposition 1.3. According to the previous isomorphisms, Poisson boundary operators associated 
with the Poisson algebra (A, if) given by two generic Casimir {unctions P\ and Pi, can be written 
in a compact form : 

0^A^A A ^A 6 ^A 4 ^A (5) 

where : 

di(3) = (V x H) ■ /( VPi x VP 2 ), H e A A 

d%0) = -(VxG)xJ(VPi x VP 2 ) - V(G • /( VPi x VP 2 )),G e A 6 
d 3 (K) = Div(KyVPi x VP 2 + V x [Kxf{yP l x VP 2 )) 
di(U) = -Wx(VPi x VP 2 ) 

Proof. Let us give a proof of the last formula and let U dx\ A cfe 2 A dx^ A dx4 be an element of 
ft 4 (A). We have 8 4 {Udx 1 A dx 2 A dx 3 A dx 4 ) = (I) + (IPj, where : 

(T) = {U, x\}dx2 /\dx% /\dxi + {U , X2}dx^Adxi Adx4 + {U, x^}dxi/\dx2/\dxn + {U, X4]dx2Adx\ Adx3 
and 

(17) = —U d{xi, X2} A dx% A dx4 + U d{x\, X3} A dx 2 A ^46 — <i{xi, X4} A c?x 2 A dx3+ 

— U d{x 2 , X3} A dxi A dx^ + U d{x2, £4} A dx\ A g?X3 — U d{x%, £4} A dxi A dx 2 . 

This second term is exactly (II) = — Ud(dP\ AeLP 2 ) = 0. Then the boundary di(Udxi Acfa; 2 Adx 3 A 
dxi) is equal to the first term (I). 

But using our identification, we have di{U) = (K±, K2, K3, K4Y, where Ki = {U, Xi}. 
We can see, by a simply computation, that 

, TT , dU A dx\ A dPi A <iP 2 

K\ = { U, Xi \ := ; ; ; 

ax 1 A dx2 A dx 3 A dx 4 

is equal to 

8L^^dPidP2 _ 8PidP2^ _ d^^dP^dP^ _ dP^dP^^ + dl^^dP^dP^ _ dPi 8P 2 ^ 
8x4 8x3 8x2 8x2 8x3 8x2 8x3 8x4 8x4 8x3 8x3 8x2 8x4 8x4 8x2 

which is exactly the first coordinate of— V?7x(VPixVP 2 ). □ 
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The Poisson homology takes the following form : 

_^ _^ _^ A _^ 
{{VxH)-f(VP 1 xVP 2 )\HeA' L } 

0eA i ^xH^-f(VF\xyP 2 )=O} 
{-(VxG)x/(VPixVP 2 )-V(G-/(VPixVP 2 )} 

{GeA 6 \(Vj<G)>(fCVPiX V^) + V(G-/(VPixVP 2 ))=0} 
{Div(K)f(VPi xVP 2 ) + Vx[Kxf(VP 1 xVP 2 )]} 

{KeA 4 \Div(K)f(V PixV P 2 ) + Vx[K x(V PjXV P 2 )]=0} 
{- V£/x(VPi x VP 2 )} 

{17 £ „4|Wx(VPi x VP 2 ) = 0} 

2 Homological tools 

In this part, we introduce the homological tools that we will need to find the Poisson homology of 
our Poisson structure. Here, A is the polynomial algebra K[xi,X2,X3,X4\. 

2.1 Weight homogeneous skew-symmetric multi-derivations 

The Schouten bracket is a family of maps 

[-, -}s : X p (A) x (A) — > X^-\A), 

defined by 
[P,Q]s(F 1 ,...,F p+q _ 1 )= J2 

_(_l)(p-i)(fl-i) £ e ( ff )Q(Pft (1) ,..,F j(p) ),F„ (p+1) ,..,f 5(l)+rl) ) 

<T^Sp,q — 1 

for P £ A? (.4), Q £ #«(.4), and for Pi, P p+9 -i £ .4 for p, q £ N. 
By convention, S p .-i := and := 0, for p, g £ N. 

Definition 2.1. Lei V £ ^(A) and Q £ TTien i/ie Lie derivative of Q with respect to V 

is C v Q:=[V,Q]s 

Definition 2.2. A non-zero multi-derivation P £ X'(A) is said to be weight homogeneous of 
degree r £ Z, «/ i/iere exists positive integers wi, W2, VJ3, W4 £ N*, the weights of the variables 
x\,X2,X3,Xi, without a common divisor, such that 

CejP)=rP 

where is a Lie derivative with respect to the Euler derivation 

d d 

e-vj ■= wiZi- h ... + W4X4- — 

0x1 0x4 

The degree of a weight homogeneous multi-derivation P £ X'(A) is also denoted by w{P) £ Z 
By convention, the zero fc-derivation is weight homogeneous of degree —00. 

The Euler derivation is identified (with the isomorphisms of the first section) to the element 
e ro — {zv\X\, VJ4X4) £ A A . We denote by \w\ the sum of the weights vo\ + VJ2 + ^3 + ^4, so that 
\w\ = Div(e w ). 



H (A,it) = 

Pi (A^) = 

H 2 (A,n) = 

H 3 (A,n) = 

H 4 (A,n) = 
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Euler's formula, for a weight homogeneous F E A, can be written as VF'4 = zu(F)F, and yields, 
using (15) of proposition 2.1 : Div(Fe^) — (■cj(F) + \vu\)F. 

The operator * allows us to transport the notion of weight homogeneity of skew-symmetric 
multi-derivations to Kahler p-differential forms. 

Fixing weights vj\, vj 2 , tn 3 , tu 4 6 N*, it is clear that A — ieN -4i, where Aq = K and for i S W, 
Ai is the if- vector space generated by all weight homogeneous polynomials of degree i. Denoting 
by fl k (A) l the if-vector space given by Q k (A)i = { p ^ ^ k (A) : ru(P) = i} U {0},we have the 
following isomorphisms : 



fi 4 (.A)< - - 

^ (^)i ~ ^ (^)* ~~~ Ai+'OJi X Ai+-oj 2 ^ "^+^3 ^ Ai-\-zU4 

^ (^)i — ^ (^)i — ■'^i+OTl +W4 ^ "4i + CTi+CT2 ^ •Ai-\-W3-\-T&2 ^ "^2 + T7J3 +OT4 ^ *^2 + T7J3 +T7J1 ^ -^£ + ££72+^4 

^ (^4)l — X (^)i — ^-i + ZU2+ZU3+ZU4 ^ ^« + ro3+OT2+ro4 ^ "^2 + T7Ji +TO2 +OT4 ^ Ai + zD2+tt I 

^ (^)i — ^ — ^2 + ^1+^72+^3+^4 

Remark 2.1. Each arrow of the complex given by is a weight homogeneous map of degree zero, 
while each arrow of the complex given by {2p is a weight homogeneous map of degree vu(Pi) + w(P 2 ), 
if Pi and P2 are weight homogeneous elements of A. 

2.2 The Koszul complex-complete intersection with an isolated singu- 
larity 

Definition 2.3. A weight homogeneous element P € A = K[x±, x 2 , X3, X4] has an isolated singu- 
larity if 

dP dP dP dP 

dx\ ' 8x2 ' 8x3 ' 8x4 

has a finite dimension as a K-vector space. 



Asing(P) ■= K[XI,X2,X 3 ,X4,]/ < -^T , ^7- , , > (6) 



The dimension of A S i ng {P) is called the Milnor number of the singular point. 
We shall now give a definition of dimension for rings. For this purpose, note that the length of the 
chain P r D P r -i D ■ ■ ■ D Po involving r + 1 distinct ideals of a given ring is taken to be r. 

Definition 2.4. The Krull dimension of a ring 1Z is the supremum of the lengths of chains of 
distinct prime ideals in 1Z. 

Definition 2.5. Let 1Z be an associative and commutative graded K-algebra. A system of homo- 
geneous elements ai,...,ad in 1Z, where d is the Krull dimension of 1Z, is called a homogeneous 
system of parameters ofTZ (h.s.o.p.) iflZj < <2i,...,a,j > is a finite dimensional K-vector space. 

For example, if we consider the if-algebra A = K [x\, x^], graded by the weight degree, we 
have a natural h.s.o.p. given by the system xi, X2, xa, x<i. 

Definition 2.6. A sequence ai,...,a n in a commutative associative algebra 1Z is said to be an 
TZ-regular sequence if < ai,...,a n >^ TZ and ai is not a zero divisor of 1Z/ < ai,...,<Zj_i > for 
i = 1, 2, n. 

For any regular sequence a\, a n , we can define a Koszul complex which is exact (see Weibel 
TO-' 

o — » A°(iz n ) — » > h n ~ 2 {iz n ) ^ A n_1 (^") ^ A™(^™) 
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where lo = V^a^e, and (e%, ei, • ■ • , e n ) is a basis of an 7£-module free 1Z n . 

i=l 

In our particular case, TZ — K[xx, x 2 , • ■ ■ ,x n ], using the identifications /^{TZ 11 ) — Q P (1Z), the 
Koszul complex associated to the sequence J^j-, ■ ■ ■ , (P G TZ) have the following form : 

o _ » .4 ^5 q 1 ^) _> ► o"- 2 (^) ^5 fi"- 1 ^) ^5 n n (A) 

Using the vector notation for n — 4, we have the following complex : 

Theorem 2.1. (Cohen-Macaulay). Let 1Z be a noetherian graded K-algebra. If 1Z has a h.s.o.p. 
which is a regular sequence, then any h.s.o.p. in 1Z is a regular sequence. 

Thus, for each P G A = K[xi, x&] which is a weight homogeneous polynomial with an 
isolated singularity, the sequence §£^i§^:§^i-§£^ ls regular, the associated Koszul complex is 
exact. 

Definition 2.7. Let 1Z be a noetherian commutation ring with unit. The depth, dpth(I), of an 
ideal I of 1Z is the maximal length q of an IZ-regular sequence a%, ■ ■ ■ , a q G I. 

Let M be a free 7?.-module of finite rank n, where 1Z is a a noetherian commutative ring with 
unit. We denote by f\ p (M) the p-th exterior product of M. By convention /\°(M) = 1Z. 
Let rji, ■ ■ ■ ,rjk be given elements of M, and (ei, ■ • ■ , e„) be a basis of M. 



J7iA---A%= a iu ... t i k e h A ■ ■ ■ Ae ik . 

l<zi <■■ -ik <n 

We denote by 21 the ideal of 1Z generated by the coefficients a^.... i i k , 1 < i\ < ■ ■ -ik < n. 
Then we define : := {?? G f\ p {M) = V A r?i A • • • A r? fe = 0}, p = 0, 1, 2, • • • 

k p—l 

H p := ZP/Yjm A f\ (M), p = 0, 1, 2, • • ■ 

We have the following result from Kyoji Saito : 

Theorem 2.2. ( [22]) H p = for < p < dpth{%). 

Let us give an example. Suppose A — K[x\, X2, £3, X4] and consider Pi, P2, two weight homoge- 
neous polynomials in A. We say that (Pi, P2) defines a complete intersection if (Pi, P2) is a regular 
sequence in A. And (Pi,P2) has an isolated singularity if .4/(Pi,P 2 , f^ff 2 - - ilrifM < 3 = 
1,2,3,4} is a finite dimensional P-vector space. This dimension is also called the Milnor number 
of singularity and denoted /i. 

Let (Pi,P2) be a complete intersection with an isolated singularity. 

4 dP 

We denote by r/j = > — — ei, j = 1, 2, where (ei, e 2 , e^, is a basis of a free .4-module A 4 . 

OXi 

4 

Then m A m = J2 a ^ A e ^> where a « = " H©" 

i<j=l 

Let 21 = (flij, z < j = 1, ■•• ,4). From the book of E.J.N. LOOIJENGA ( [16], pages 25 and 49), 
dpth(%) = 3. 

Then for 77 G /\ P (.A 4 ), p = 1,2, if r/Ai]iAi]2 = 0, we have rj = a\ Arji + a 2 Ar/ 2 , ot\, a 2 G /\ p_1 (yl 4 ). 
Using the vector notation, we get the following results : 

Lemma 2.1. ForG G A 6 , (VPi X VF 2 )-/(G) = £/ and on/?/ ifG = H 1 x VP X + P 2 x VP 2 , 
w/iere Pi, P 2 G A 4 . 

Lemma 2.2. For H G A 4 , Px(VPi x VP 2 ) = «/ and onfy i/ P = P1VP1 + U 2 VP X , where 
U u U 2 eA. 
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3 Poisson homology and complete intersection with an iso- 
lated singularity 

Let us consider the polynomial algebra A = K [x\, X4] where if is a field of characteristic 
equipped with the Jacobian Poisson structure tt given by two weight homogeneous polynomials 
Pi , P 2 which define a complete intersection with an isolated singularity. 
First we compute the kernels (kerdi)i = i t 2,3,4- 

Proposition 3.1. kerdi ~ i4r[Pi,P 2 ] 

Proof. Let U be a weight homogeneous element of £1 4 {A) ~ A such that d±(U) = 0. Then 
VUx (VP1 x VP 2 ) = 0. Using lemmaE21 W = a x VPi + a 2 VP 2 , a u a 2 G A. V x W = 

Vai x VPi + Va 2 x VP 2 . Since V x W = 0, we obtain Vaix(VPi x VP 2 ) = and 
Va 2 x(VPi x VP 2 ) = 0. Thus a\,a^ are elements of kerc>4. 

We can continue this procedure by defining elements {U\ ) of kerc?4 in such a way that Vt r f™ ) = 
C/i^VPi + U^ +1) VP 2 . It is clear that max{degU^\ degU^ +1) ) < degU\ n) . 
Therefore there exists m G N such that V£/| m) = 0, Vi = 1, 2 m . Hence C/| ro) = cf n) G AT. Since 
Vt/f m_1) = L/^x VPi + C/ 2 ( r } VP 2 = C^™\ VPi + C^™ ) VP 2 , by the Poincare lemma there exists 
C[ m ' l) G X such that E/f 1 - 15 = C^Px + C^P 2 + cf^. 

We have tffo 1 ) = C^Px + + cfc 1 '; C/fc^ = <©J* + 4"> 2 + 4"+^ and 

VC/j+x 2) = ?7 2 ( ™ 1 1) VPi + C/ 2 ( ™ 2 1} VP 2 . By an easy computation C^Pj VP 2 + C^PaVPa = 

W, V £ A. Because V x [C|™ } 3 Pi VP 2 + C { ^P 2 VPi] = VxW = 0,we have C^ 3 = C&J 2 , 

and C/<;r 2) - l^iA 2 + I^PI + dfrM + + C^P.P-2 + Ct + T 2) ■ At the end 

of this procedure, we obtain the existence of a g G K[P\, P 2 ] such that U = g{P\, P 2 ). □ 

Proposition 3.2. kerd\ = {ai VPi + a 2 VP 2 + Vo^ai, a 2 , 03 G -4} 

Proof. Let H{H\ , ii 2 , i?3, #4) be a weight homogeneous element of ^(A) ~ A 4 such that d\(H) = 
(V xH) ■ /(VPi x VP 2 ) = 0. According to lemma EH there exists H',H" G -4 4 such that 
V xH = H' x VPi + x VP 2 . 

We have = Vx (V X lf \ = Vx (h' X VP X ) + V x x VP 2 
But using property (15) of proposition ll.lt we obtain VPix(V x H') + VP 2 x(V x H") = 0. 
As a direct consequence, VP 2 • (vPix(V x if')) = = VP X • ( VP 2 x(V x #")) . Therefore 
and H" are other elements of kerd\. 

When we apply this procedure to H' and H" , we get four other of elements of kerd\. 
Continuing in this way yields the existence of elements ^if^) of kerd\ such that V x = 



^4™^ VPi + ^™ r VP 2 , by the Poincare lemma HJ"'" 1 ' = ^ x VPi 



(m— 1) (m) 



ff 2i-i x VPi + ii^r x VP 2 - We can notice that max [degH^Zf ,degH^ L> J < de$iT$ 
Then there exists m G N such that V x if i (m) = 0, Vi = 1, ...,2 m . So there exists G ^4 such 
that i?H = V^ m) . 
Since Vxfff"' 1 = V x 

( m )v7 D 1 V7 (m— 1) (m— 1) _ j 
117 u ~Ej( m — !) ( m ) V7D 1 ( m ) nn 1 T7 (m-1) Tj(m — 1) (m) n i ( m ) no 

We have : ff 2i+1 = VPi + ^ 2 VP 2 + V(^ 2i+1 ; ; i? 2i+2 = ^sVPi + ^+ 4 V P 2 _ 

V<^ 2i+2 '] and V x i^ v +1 = (^^. + ; 3 - <^ l+ ; 2 J VP 2 x VPi + V x |^ 2i+1 VPi + VJ 2l+2 VP 2 
It is easy to see that V x G = aVP 1 x VP 2 , where G = hI+i^ - ^ii+i^ VPi - ^/'VPj 
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and a = ipW 3 - </?ii+2- ^ 

Since = Vx(V x G) = Vax(V?i x VP 2 ), a is an element of kerd A . Therefore i?& = 

(^i" + ¥>) VPi + ^2 X) VP 2 + V>. _ 

At the end, we have : if = ai VPi + a 2 VP 2 + Vaa, a%, a 2 , 0:3 G A □ 

Proposition 3.3. ker<9 3 = {ae ra + Wx(VPl x VP 2 )|a £ if [Pi, P 2 ], J7 G A}, if\w\ = 2ro(Pi) = 
2tu(P 2 ). 

Proof. Let if G fcerc?3 , be a weight homogeneous element of f2 3 (.4) ~ A 4 . 

Then div{K)V Pi x VP 2 + V x (~Kxf(VPi x VP 2 )) = 0. But using property (8) of proposition 

PI we see that (v x (#x/(VPi x VP 2 ))) • /(VPi x VP 2 ) = 0, In other words Kxf(VP 1 x 

VP 2 ) is an element of kerd\. Therefore, ifx/(VPi X VP 2 ) = aiVPi + a 2 VP 2 + Va 3 , where 
ai, a 2 , a 3 are elements of A. Therefore Div(K ) VPi x VP 2 + Vc*i x VPi + Va 2 x VP 2 = 0. So 



VPx 



Div(K)VPi x VP 2 + Van x VPi + Va 2 x VP 2 



= 0, i= 1,2. 



According to properties (9) and (7) of proposition 1 1.1} we obtain VaiX(VPi x VP 2 ) = 0, i = 1,2. 
i.e., ai,a 2 £ if[Pi,P 2 ]. 

Thus Div(K)VPi x VP 2 + Vai x VPi + Va 2 x VP 2 = 0, and we obtain Div(K) = §f£ - fp 2 -. 
On the other hand, using property (10) of proposition we observe that 03 is an element of 
if[Pi,P 2 ]. 



We obtain 



if x/(VPi x VP 2 ) = ftVPi + /3 2 VP 2 (a 

0P 2 9Pi 



£>»«(*) = |f - ft (6) 



Here A = a x + , and /3 2 = a 2 + fff. 

(a) (Xx/(VPi x VP 2 )) x VP = (/3iVPi +ftVP 2 ) x VP, i = 1,2. 

By property (12) of proposition ll.lt we have /3j = (— l) l if • VPi, i ^ j — 1,2. 
According to the degree equation (5\ G P 2 if[Pi,P 2 ], and /3 2 G Pi if [Pi, P 2 ]. 
Let us suppose that /3i = cP 1 ri P 2 2+1 . 

Then e ro • VP 2 = w{P 2 )P 2 ^K = -^P^P^-g^ + G, where G = VF 2 xI, X G 4 6 . 

K • VPi = -ft /3 2 + cP[ I+1 P 2 r2 = -(VP 2 xX) ■ VPi, Vn,r 2 G N. 

According to the degree equation, /3 2 = — cP^ 1+ PJ 2 . 

Then 

if. VP 2 =cP 1 ri P 2 r2+1 
X • VPi = cP[ 1+1 P 2 r2 
£>w(#) = c(2 + ri + r 2 )P 1 ri P 2 r2 

f G • VP 2 = 

if = ^7rPrP 2 2 e ro + G J G ■ VP 1 = 

^ 2j I Div(G) = c (2 - J^L) P-P- = 

Then G • VPi = => G = VPlXXi, G A 6 . 
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Using lemmaEU X x = Fx X VPi + F 2 x VP 2 , Pi, P2 € -4 4 - 

G = VPi x f Fi x VPi + F 2 x VP 2 
= VPi x ( P 2 x VP 2 



= Fx [VP 1 x VP 2 J ,whereF = -P 2 

Since Div(Cl) = 0, we have (VPi x VP 2 )-/(VxF) = 0. Therefore P = ai VPi+a 2 VP 2 + V« 3 , 
ai, 0-2,0-3 € -A, and G = Va 3 x (VPi x VP 2 ) • □ 

Proposition 3.4. £;er<9 2 = {UV Pi x VP 2 + Vai x VPi + Va 2 x VP 2 |Z7, ai, a 2 £ A} 

Proof. Let G <E fcerd 2 , be a weight homogeneous element of fi 2 (.A) ~ A 6 . 
We have (vi<G) x/(VPi x VP 2 ) + V (g ■ /( VPi x VP 2 )) = 0. 

Then V x (vi<Gj x/(VPi x VP 2 ) + Dw(V xG)V *Pi x VP 2 = 0. 

Therefore, VxG = ae ro + VL/x(VPi x VP 2 ), a £ A'[Pi,P 2 ], U E A. 
= Div(Wx.G) = (m(a) + \w\)a => a = 0. 

Thus VxG = VC/x(VPi x VP 2 ), i.e., G = C/VPi x VP 2 + Vxl,Iei 4 . 

But using properties (10) and (8) of proposition ! 1,1} we obtain V (( V x X) ■ /(VPi x VP 2 )j = 0, 

and ( V x X) • /(VPi x VP 2 ) £ 

For degree reasons, (V x X) ■ /(VPi x VP 2 ) = 0. 

Then from proposition 4.1, X = ax VPi + a 2 VP 2 + Va3, ax, a 2 , (X3 £ A □ 
Proposition 3.5. T/ie following complexes are exact and the arrows are maps of degree zero : 

— ► K [Pi, P 2 ] ^(-ro(Pi)) © A(-ro(P 2 )) © A fcerdi — ► (7) 



a(u(Px,P2)) = (--^,-$-,u); 
f3(ai,a 2 ,a 3 ) = ax VPi + a 2 VP 2 + Va 3 . 

0^X[Pl,P 2 ](-tI7(Pl))©X[Pl,P 2 ](-Tu(P 2 )) -^U (8) 

_A(-ro(Pi) - tu(P 2 )) © ^(-ro(Pi)) © A{-w{P 2 )) fcer<9 2 — ► 
7 ( Ql ,a a ) = (^-^ L a 1 ,a a ); 

e(U, ai, a 2 ) = E/VPi x VP 2 + Va a x VPi + Va 2 x VP 2 . 

— > ^[P^PajC-^Px) - w{P 2 )) ^[P^PaK-H) © -A(-ro(Pi) - w(P 2 )) fcer9 3 — » 

(9) 

^(P 1 ,P 2 ) = (0,y); 

cr(C/,F) = C/e ro + Wx(VPi x VP 2 ), if \m\ = 2m{P 1 ) = 2zu(P 2 ), 
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Proof. Let us give the proof for the first sequence : 

If ai VPi + a 2 VP 2 + Va 3 = 0, then (a-i VPi + a 2 VP 2 + Va 3 )x(V?i x VP 2 ) = 0. 
Therefore, Va 3 x(V?i x VP 2 ) = and a 3 E K[P 1 ,P 2 \. 

Because 0= (aiVPi +a 2 VP 2 + Va 3 ) x VPj, for £ = 1,2, we have oti — — for z = 1,2. 

We can conclude that the first complex is exact. The proof of the 2nd and 3rd complexes is 

similar. □ 

We also have the following trivial exact sequence of complexes : 

— > kerdi+i — > tt i+1 {A) — > kerd, — > H t (A, tt) — > (10) 
where i = 0, 1, 2, 3, and the arrows are maps of degree zero. 



Remark 3.1. By using the exactness of the complexes Q), (0), ^j), Uflj) . we obtain the Poincare's 
series of the Poisson homology groups. We can obviously notice that these series do not depend on 
the polynomials P\ and P 2 , but on the weights and degrees of Pi and P 2 • 

We are explicitly going to calculate these Poincare's series in the quadratic and homogeneous 
case. 

Theorem 3.1. If w\ = ... = TU4 = 1 and tu(Pi) — tu(P 2 ) = 2, then as K-vector spaces, 
Hi(fl m (A),Tr),i = 1,2,3,4, have the following Poincare series : 



P(H (A,7r),t) 
P^H^A^t) 

P(H 2 (A,TT),t) 

P(H 3 (A,ir),t) 

P(H 4 (A,TT),t) 



2T+4t+! . 
(1-t 2 ) 2 ' 



t 4 +4t' i +4t 2 +4t . 
(1 — i 2 ) 2 ' 



2£±iV* . 
(1-t 2 ) 2 ' 



(1-t 2 ) 2 ' 



t 3 

(1-t 2 ) 2 • 



Let S = dx\ A dx2 A dx 3 A dx 4 , and p = vj\x\dxi A dx 3 A dx 4 + wixidx 3 A dx\ A dx 4 + w 3 x 3 dx\ A 
dx2 A dx4 + w^Xidxi A dx2 A dx 3 . 



Theorem 3.2. H±(A, 7r) is a rank 1 /ree if [Pi, P 2 ]-motMe generated by 5. 

Theorem 3.3. If \w\ = 2m{P 1 ), then 

H 3 (A,tt) is a rank 1 free K[Pi, Pi\-module generated by p. 

Proof. We have proved that, if \w\ = 2w(P\), then kerd 3 = Imd^ + if [Pi, P 2 ]e ro . 

Now, let a 6 K [Pi,P 2 ] and t/ 6 A such that ae ro = V?7x(VPi x VP 2 ). We can suppose that a 

is a weight homogeneous polynomial. 

We have = Div(VUx(VPi x VP 2 )) = Div{ae m ) = (w(a) + \ru\)a. 

Therefore a = 0. □ 

Now we suppose that P± = Qi + Q 2 , P 2 = Q 2 where : Q\ and Q 2 are given by Jl} and ([2]). 
zu\ = ... = ZU4 = 1; Ji 7^ Jj if z 7^ j; for all £ = 1,2, 3, Ji 7^ —1, 0, 1. 
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Theorem 3.4. The homological group Hq(A,tt) is a rank 7 free K[Pi,P 2 ]-module generated 

by (/Xi)o<i<6 = (l,£l,£2,£3,£4,£l,£ 3 )- 

Remark 3.2. We can remark that H (A, n) ~ A" [Pi, P 2 ] ® A S i ng (Pi, P 2 )- 

Here A S i n g{Pi, P2) — y, where J is the ideal generated by Pi,P 2 and the 2x2 minors of the 
Jacobian matrix of (Pi, P2). 

Theorem 3.5. The homological group H\(A,tt) is a free A"[Pi,P 2 ] module given by : 

6 5 

Hi(A, tt) ~ (0A[P l7 Pi] V^fe) © (0AT[Pi, P 2 ] Mfe VPi) © K[P 1 ,P 2 ]VP 1 © A' [P x , P 2 ] VP 2 
fc=i fc=i 

w/iere, (/Xi)o<i<6 = (1, £1, £ 2 , £3, £4, £?, £§)• 

Proof. Let P <E kerd\. 

Then P = o-i VPi + a 2 VP 2 + Vq 3 , a t A. 

Using the previous result : 

N, M, 6 

ai = /(v x . (vpi x vp 2 ) + EEE^j/i'^w 

For i = 1,2, we have : 

_ _ N t Mi 6 

a, VP, = /(V x %) ■ (VPi x VP 2 ) VP + EEE A 1. fe P iP 2 Vfc VP 

iVj Mi 6 

= d 2 ((-iy +i H l x vp) + £EE A L* p i p 2v vp 

j=0j=0/c=0 

6 / N 3 M 3 \ 

Va 3 = V (/(V x ]?,) • (VPi x VP 2 )J + £ EE A li/i ? 2W V Mfe 

fc=i yi=oj=o y 

AT 3 A/ 3 6 

+EEEj' A L,fe p i p rv fe vp 2 

i=0j=lfc=0 
JV 3 Af 3 6 

+EEE iA L,fe p r lp 2M fe vPi 

i=lj=0fc=0 

6 / iV 3 A/ 3 \ 

= v x i? 3 ) + ^ EE^^'i'"/'^ ^ 

fe=i yi=oj=o y 

6 / N 3 M 3 _ N 3 AI 3 

+E EDW^^+ED^" 1 ^ ] 
/t=o Vi=ij=o »=oj=i y 

Therefore : kerdi = Imd 2 + P , where : 



P 



(0A-[P!,P 2 ]VM fc ) + (0if[Pi,P 2 ]Mfe^Pi) + (0A-[Pi,P 2 ]/x fe ^P 2 ) 
, fe=i fe=o k=a 



Let G. t = /(V£i x e ro ), = /(V*£? x e OT ), for i = 1,2,3,4. 

We have d 2 (G t ) = -J l x l VP l + (P + l)£iVP 2 + 2(J l P 1 - (P + 1)P 2 ) Vi„ for i = 1,2,3 and 
<9 2 (G 4 ) = -£ 4 VPi + £ 4 VP 2 + 2 (Pi - P 2 ) V£ 4 . 
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Therefore x, VP 2 can be written as a K [Pi, P 2 ] -linear sum of XjVPi and Vx^. 
On the other hand, 

d 2 {G[) = ZJixfVPi - (Jt + l)xf VP 2 + 4(P 2 VP - Pi VP 2 ) + 4(J i P 1 - (Ji + 1)P 2 ) Vxf, for 
i = 1,2,3 and d 2 {G' A ) = Zx\ VPi - x\ VP 2 + 4(P 2 VP - P VP 2 ) + 4 (P - P 2 ) Vx 2 . 
But using the Casimir relations, x\ = — 2J 2 Pi + (J 2 + 1)P 2 + J 2 ixf + ^3X4, where Jij = Ji — Jj, 
we obtain : 

d 2 (G' A ) - Mj^G',) d 2 (j^G' 3 ) = j^*&Pl + - 6J2P1 VP 1+ 

+ 6(J 2 + 1)P 2 VPi + 6J 2 Pi VP 2 - 6( J 2 + 1)P 2 VP 2 - -^-(P> VPi - Pi VP 2 ) + 

Ji + 1 

- - ( J i + 1)^) Vx 2 - -±^_(P 2 vp - p VP 2 ) - j^ih - (J 3 + 1)^2) Vx^ + 

+ 4(P 2 VP - Pi VP 2 ) - 8J 2 (P - P 2 ) VP + 8(J 2 + 1) (P - P 2 ) VP 2 + 

+ 4J 2i (Pi - P 2 ) Vx? + 4J 23 (Pi - P 2 ) Vx 2 . 

Therefore kerdi = Imd 2 + , where 

6 5 

T i = (^[A,P2]V/x fe ) + (^X[Pi,P 2 ] Mfc VP) + K[P 1 ,P 2 ]VP 1 + K[P 1 ,P 2 ]VP 2 . 

k=l k=l 

Then Pi(A^)- TITO- 

But H\(A, ir) and have the same Poincare series. Thus P(I' 1 nImd 2 , t) = and I 2 r\Imd 2 — 0. □ 
Theorem 3.6. Tfte homological group H 2 (A,ir) is a free PJ[Pi,P 2 ] module given by : 

H 2 (Att) ~ ^0^[Pi,P 2 ](V/xfc x VPi)^J 0K[Pi,P 2 ](VPi x VP). 

wftere, (^i)i<i<6 = (xi, x 2 , x 3 , x 4 , Xi, X3). 
Proof. Let G G kerd 2 . 

G = a VPi x VP 2 + Vctj x VPi + Vctj x VP 2 , a , ai, a 2 G A 
We have 

_ _ _ JVj M, 6 

a, - /(V x ]?,) ■ (VP x VP 2 ) + EEE^j/i'^W 

i=0 j=0fe=0 

But : 

(/(V x P ) • (VP x VP 2 )) VP x VP 2 - a 3 (P x(VP x VP 2 )); 

a 3 (VPx(V x ff,)) = -V (/(V x %) • (VP x VP 2 )) x VP, for Z = 1,2. 
On the other hand 

d^i^kPiH^vj) = wQik^kPtPiwrfPi x VP 2 +n7(P 2 )A^. fc P 1 4 P| + VfcV Mfc x VP 2 + 

- w(Pi)A^ j;fc P 1 <+1 P 2 V fe V/i fc x VP 2 . 

Therefore /cer<9 2 = imc^ + J 2 , where 

6 6 

J 2 = ^X[Pi,P 2 ]V^ x VPi +^X[Pi,P 2 ]V Mfc x VP 2 +P[P,P 2 ]VPi x VP 2 . 

fe=i fe=i 
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Then_H 2 (A,n) = w ^ s - 3 . 

Let K l = (Ka,K i2 ,K iS ,K i4 )\ where K iS = 5 ijXi , and ~K\ = (K' a , K' i2 , K' i3 , K' i4 ) 4 , where K[- = 
Sij. 

We have 9 3 (^) = JiVxj x VPi - (J, + 1) Vi, x VP 2 . 

Then for i = 1,2,3, Vxi x V P 2 is equal to -jq^-Vxi x VPi modulo Imd^. 

We also have Vx 4 x VP 2 = d(-K' 4 ) + Vi 4 x VPi. 

On the other hand, d 3 (K t ) = VPi x VP 2 + J 4 Vs? x VPi - (J, + 1) Vx? x VP 2 , for i = 1, 2, 3, 
and d 3 (^4) = VPi x VP 2 + Vi^ x VPi - V x\ x VP 2 . 

But using the Casimir relations, x\ = —2J 2 P\ + (J 2 + 1)P 2 + J 2 \x\ + J 2 zx\, where Jij = Ji — Jj, 
we obtain : 

3 A) = H^K, + -^Z,) - (1 + ^ + ^ T )VP 1 x ^P 2 + 

+ t¥tV^ x VPi + Vxj x VPi. 

Ji + l J3 + l 

Then we can explain Vij x VPi as a if-linear sum of Vx\ x VPi and VPi x VP 2 modulo Imd^. 
Therefore kerd 2 = Imd^ + I 2 , where 

6 

I^=J2K[Pi,P 2 ]V^ k x VPi. 

Then^CA^-TT^. 

But H 2 {A 1 7r) and I 2 have the same Poincare series. Thus P(I 2 riImd3, t) = and I 2 f\Imdz =0. □ 
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